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Abstract:  Caching at mobile devices and leveraging device-to-
device (D2D) communication are two promising approaches to sup-
port massive content delivery over wireless networks. Analysis of
such D2D caching networks based on a physical interference model
is usually carried out by assuming uniformly distributed devices.
However, this approach does not capture the notion of device clus-
tering. In this regard, this paper proposes a joint communica-
tion and caching optimization framework for clustered D2D net-
works. Devices are spatially distributed into disjoint clusters and
are assumed to have a surplus memory that is utilized to proac-
tively cache files, following a random probabilistic caching scheme.
The cache offloading gain is maximized by jointly optimizing chan-
nel access and caching scheme. A closed-form caching solution is
obtained and bisection search method is adopted to heuristically
obtain the optimal channel access probability. Results show sig-
nificant improvement in the offloading gain reaching up to 10%
compared to the Zipf caching baseline.

Index Terms: Caching, channel access, D2D communication, of-
floading gain.

I. INTRODUCTION

ACHING at mobile devices significantly improves system

performance by facilitating device-to-device (D2D) com-
munications, which enhances the spectrum efficiency and al-
leviate the heavy burden on backhaul links [1]-[3]. There are
two main approaches for content placement in the literature, de-
terministic and probabilistic. For deterministic placement, files
are cached and optimized for specific networks in a determin-
istic manner [3]-[5]. However, in practice, the wireless chan-
nels and the geographic distribution of devices are time-variant.
This triggers the optimal content placement strategy to be fre-
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quently updated, which makes the content placement quite com-
plex. To cope with this problem, probabilistic content place-
ment is proposed whereby each device randomly caches a sub-
set of content with a certain caching probability in stochastic
networks [6], [7]. In this paper, we focus on the probabilistic
caching model. In essence, this model is shown to be powerful
and tractable for the analysis of random networks and possibly
yields a convex content caching problem, which can be effec-
tively solved [6], [7].

Modeling of wireless caching networks also follows two main
directions in the current state-of-art. The first line of work fo-
cuses on the fundamental scaling results by assuming a simple
protocol channel model [3]-[5], known as the protocol model.
This model assumes that two devices can always communicate
if they are within a certain distance. The second line of work,
which is similar to the one adopted in this paper, considers a
more realistic model for the underlying physical and medium
access control (MAC) layers [8]-[16]. This is commonly de-
fined as the physical interference model. Driven by this, the
physical interference model allows us to study joint caching and
communications for D2D networks and design efficient channel
access-aware caching scheme.

The analysis of wireless caching networks that underlies a
physical interference model, is commonly conducted by means
of stochastic point processes. For instance, modeling device lo-
cations as a Poisson point process (PPP) is a widely adopted
approach in the wireless caching area [8]-[10], [17]. However,
while the PPP model is tractable, a realistic model for D2D
caching networks needs to capture the notion of clustering. In
particular, in clustered D2D networks, each device has multi-
ple proximate devices, where any of them can act as a serving
device. Such deployments can be effectively characterized by
cluster processes [18].

Performance of clustered D2D caching networks is studied in
[12]-[16], [19], [20]. For instance, the authors in [12] discussed
different strategies of content placement in a Poisson cluster pro-
cess (PCP) deployment. Meanwhile, the authors extended their
work in [13], to optimize the collective performance of all the
devices in each cluster. Moreover, the authors in [14] proposed
cooperation among the D2D transmitters and hybrid caching
strategies to save the energy cost of content providers, where
the location of these providers is modeled by a Gauss-Poisson
process. In [15], we jointly optimized content caching and fre-
quency partitioning between D2D cellular communications for
clustered cache-enabled networks. Moreover, we studied the
role of cooperative communication for clustered D2D networks
in [16]. We particularly showed that cooperative communication
becomes more appealing in denser D2D caching networks and
adverse interference conditions. Meanwhile, in [20], we formu-
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lated and solved the energy minimization problem for clustered
D2D caching networks.

While the prior works in [12]-[16], [19], [20] studied cache-
enabled D2D networks from various perspectives, the joint op-
timization of caching and channel access for clustered D2D net-
works has not been addressed yet in the literature. Such a study
is vital for proper quantifying and optimizing the achievable per-
formance of D2D cache-enabled networks under practical MAC
scheduling protocols.

Compared with this prior art, the main contributions of this
paper are as follows:

We study the content placement and delivery for a network
wherein cache-enabled devices are spatially distributed
into disjoint clusters. We conduct a performance analysis
and joint optimization of channel access and probabilistic
content placement with the aim to maximize the cache of-
floading gain.

We characterize the optimal content placement as a func-
tion of the system parameters, namely, density of clus-
ters, displacement distance between devices, and required
signal-to-interference ratio (SIR) threshold. We then pro-
pose a heuristic approach to obtain the optimal channel ac-
cess probability.

Our results reveal that the optimal caching scheme heav-
ily depends on the channel access probability and the ge-
ometry of the network. Overall, joint optimization of con-
tent placement and communication, e.g., channel access, is
shown to be vital to enhance the performance of wireless
caching networks.

The rest of this paper is organized as follows. Section II and
Section III introduce the system model and the rate coverage
analysis, respectively. The offloading gain maximization prob-
lem is discussed in Section I'V. Numerical results are presented
in Section V and conclusions are drawn in Section VI.

II. SYSTEM MODEL
A. System Setup

We model the location of mobile devices with a Thomas clus-
ter process (TCP). The use of TCP allows us to factor in the
notion of clustering for D2D caching networks, which is com-
monly ignored in the literature. The TCP is composed of the par-
ent points, which are drawn from a PPP ®,, with density , and
the daughter points that are drawn from a Gaussian PPP around
each parent point [18]. In particular, the daughter points are nor-
mally scattered with variance 2 2 R around each parent point.
The parent points and offspring are referred to as cluster cen-
ters and cluster members, respectively. By the TCP definition,
the number of devices per cluster is a Poisson random variable
(RV) with mean N. Therefore, the density function of a cluster
member location relative to its cluster center is

1 kyk?
2 Zexp 72 >

fy(y) = y2R% (D
where kik is the Euclidean norm. The intensity function of a
cluster is given by ¢(y) = N=(2 2)exp
fore, the intensity of the entire process is given by

2
kzy—kz , and there-
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We assume that the D2D communication is operating as out-
of-band D2D under flat Rayleigh fading channels. D2D com-
munication is enabled within each cluster to deliver popular
content. It is assumed that the devices adopt a slotted-ALOHA
medium access protocol, where each transmitter during each
time slot, independently and randomly accesses the channel
with the same probability . One can alternatively assume that
each device makes a coin flip at each time about whether or
not it accesses a shared-channel. This allows us to define a
Bernoulli process Ny with the probability that a device located
at 'y accesses a channel being P(Ny) = q. The key advantage of
adopting slotted-ALOHA is that it is a simple yet fundamental
MAC protocol, where there is no need for a central controller
to schedule the users’ transmissions. Moreover, despite the vast
amount of existing studies on MAC protocols, only variations of
ALOHA and CSMA are still used in the majority of technolo-
gies adopted in the Internet of Things [21]. According to this
access model, multiple active D2D links might coexist within a
cluster. Therefore, ( is a design parameter that directly controls
intra- as well as inter-cluster interference, as described later.

If a requesting device caches the desired content, the device
directly retrieves the content. However, if the content is not lo-
cally cached, it can be downloaded from a randomly selected
neighboring device that caches the file within the same clus-
ter, henceforth called catering device. This catering device is,
in turn, admitted to access the channel according to the pro-
posed slotted-ALOHA protocol. Finally, the device attaches to
the nearest base station (BS) as a last resort to download the con-
tent, in the case it is not cached within the device cluster. Since
there are memory and battery consumption costs borne by a
catering device, the geographically closest device may not want
to participate in the content caching and/or delivery. Hence,
randomizing the catering device reflects the possibility of be-
ing served by a distant device that is willing to participate in the
content delivery, which is not necessarily the nearest one. Note
that this assumption is commonly adopted in the literature [12],
[14].

B. Content Popularity and Caching

We assume that each device has a surplus memory of size
M designated for caching files. The total number of files is
N¢ > M, and the set (library) of content indices is denoted
as F = f1;2; ;Ngg. These files represent the content catalog
that all devices in a cluster may request, which are indexed in a
descending order of popularity. The probability that the ith file
is requested follows a Zipf’s distribution given by [22],

pi = P— )

k=1 k

where is a parameter that reflects how skewed the popularity
distribution is. For example, if = 0, the popularity of the files
has a uniform distribution. Increasing increases the disparity
among the files popularity such thﬁ; lower indexed files have
higher popularity. By definition, :\l:fl pi = 1. We use the
Zipf’s distribution to model the popularity of files per cluster.

We adopt a random content placement where each device in-
dependently selects a file to cache according to a specific prob-
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ability function b = fby;bs;  ;bn,g, where bj is the prob-
ability that a device caches the ith file, 0 b; 1 for all
i = f1; ;Ngg. To avoid duplicate caching of the same con-
tent within the memory of the same device, we follow a prob-
?Bilistic caching approach proposed in [7], which implies that

N b =M.!

Next, we proceed with the rate coverage analysis to obtain
the offloading gain, which is a key performance metric for D2D
caching networks [9]. Particularly, the offloading gain is defined
as the probability of obtaining a requested file from the local
cluster, either via self-cache or from a neighboring device in the
same cluster, with a received SIR higher than a required thresh-
old #.

III. RATE COVERAGE ANALYSIS

We conduct the next analysis for a cluster whose center is
assumed at Xo 2 ®p, referred to as representative cluster. The
device requesting a content in this cluster, henceforth called typ-
ical device, is located at the origin. We denote the location of the
catering device by Yq relative to Xo, where TXg;yog 2 R?. The
distance between the typical and catering devices is denoted as
r = kXg + Yok, which is a realization of a RV R whose distribu-
tion is described later. Having explained the channel access and
the random selection of catering devices, the offloading gain can
be expressed as

e _
Po(d;0) = pibi +pi(1 bi)(1 e ™)
i=t 1
fR(r)P(SIRjr > #) dr; 3)
| =2 {z }

where SIRj, is the received SIR at the typical device when
downloading a content from a catering device r apart from the
origin, and Y represents the rate coverage probability. The first
term in (3) is the probability of requesting a locally cached
file (self-cache). The second term is the probability that a re-
quested file i is cached among at least one cluster member and
being downloadable with an SIR greater than #, given that it
was not self-cached. More precisely, since the number of de-
vices per cluster has a Poisson distribution, the probability that
there are k devices per cluster is equal to Me ™=k!. Accord-
ingly, the probability that there are k devices caching content i
is (bjl)Ke PiN=k!. Hence, the probability that at least one de-
vice caches content iis 1 e P

For the serving distance distribution fr(r), since both the typ-
ical device and catering device have their locations drawn from
a normal distribution with variance 2, then by definition, the
serving distance has a Rayleigh distribution of scale parame-

_ r2
ter 2 ,ie., fr(r) = r=(2 2)e@ 2. It is worth noting that
the serving distance is independent of the caching probability.

11t is clear that the benefits of content caching at devices is prominent only if
these devices have sufficient memory to store files of interest. The availability of
unused memory on these devices can not be always maintained. In other words,
it might happen that the devices run out of sufficient memory to cache popular
files. The analysis of device caching networks with such variations of unused
memory to store popular files is an important extension for our future work.

To clarify, from the thinning theorem [18], the set of devices
caching content i in a given cluster forms a Gaussian PPP ®g;
whose intensity is ¢ = bj ¢(y). The probability distribu-
tion function (PDF) of the distance between a randomly selected
caching device from ®g; and the typical device is fr(r), which
is again independent of b;.
The received power at the typical device from a catering de-
vice located at Yy relative to the cluster center is given by
P = PqQokXo + Yok  =Pqggor ; C))
where Py denotes the D2D transmission power, go  exp(1) is
the complex Gaussian fading channel coefficient, and > 2 is
the path loss exponent. Under this setup, the typical device sees
two types of interference, namely, the intra- and inter-cluster
interference. We first describe the inter-cluster interference, then
the intra-cluster interference is characterized. The set of active
devices in any remote cluster is denoted as B9, where q refers
to the access probability. Similarly, the set of active devices in
the local cluster is denoted as A9. The received interference at
the typical device from simultaneously active D2D transmitters
within the remote clusters is
<X X
L= Pagy, kx +yk =
x2 | y2Ba

X X
Paguu
x2 1 y2Ba

where <I>;) = ®p n Xp for ease of notation, Yy is the marginal
distance between a potential interfering device and its cluster
center at X 2 ®, , U = KX + yK is a realization of a RV U that
models the inter-cluster interfering distance, gy, ~ exp(1), and
gu = Oy, The intra-cluster interference is then given by
>
I = Pdgy, kKXo +Yk =
y2AP

Pagnh
y2AP

where Y is the marginal distance between the intra-cluster inter-
fering devices and the cluster center at Xg 2 ®p, h = kXg + yk
is a realization of a RV H, which models the intra-cluster in-
terfering distance, gy, exp(1), and gn = gy, . From the
thinning theorem [18], the set of active transmitters based on
the slotted-ALOHA medium access forms a Gaussian PPP ®¢
whose intensity is given by

cg = ¢ c(y) = qﬁfY (Y)
qn kyk?

=5 2P

57 y 2 R%

Assuming that the thermal noise is neglected as compared to the
aggregate interference, the received SIR at the typical device can
be written as

+1

Pddor
I+ +1
p

P
SRy, = 1N, = 1g7———
:

(o

=1fNr =19 : (&)

[

where 1f:g is the indicator function, and, for ease of exposi-
tion, N = Ny, is a Bernoulli RV that takes the value one with
probability . Thus, the event fN, = 1g captures the incident



when the serving device is admitted to access the channel. Then,
the probability that the received SIR is higher than the required
threshold # is derived as follows:

Yjr = P(SIRj, > #)

Pagor
=P IfN, = 1925 >
9T 4T,
P
Dgp 29 Sy ©6)
I!p_|_|C

where (a) follows from the assumption of a Bernoulli’s RV with
mean (. Rearranging the right-hand side, we get
" ”

®) Hr
Tir = 0Br o, exp e+ ]

d

=dqL, ()b (s); (M

b
where (b) follows from the assumption g CN (0; 1), and (c)
follows from the independence of the intra- and inter-cluster in-
terference and calculating the Laplace transform of them, with
S = #r =Pq. The classical tradeoff between frequency reuse
and higher interference power is depicted in (7). In other words,
increasing the access probability ¢ allows more opportunities to
access the channel, however, this channel access would be ac-
companied with higher interference power.

Next, we first derive the Laplace transform of interference to
obtain the rate coverage probability Y. Then, we formulate the
offloading gain maximization problem.

Lemma 1: Laplace transform of the inter-cluster aggregate
interference | L is given by

Zq
L, ,(s) =exp 2 5 1 e GV vdav : (8)
P v=0
where s = %, “(siv) = —osagTu(ujv)du, and

fu(ujv) = Rice(ujv; ) represents Rice’s PDF of parameter
,and v = kxk.
Proof: Please see Appendix A. 2
Lemma 2: Laplace transform of the intra-cluster aggregate
interference 1 _ is approximated as
Z 4

—#()dh | )

L~() _F

exp

2 ) represents Rayleigh’s PDF
with a scale parameter = 2 .

The proof of Lemma 2 proceeds in a similar way to the proof
of Lemma 1, and the approximation follows from neglecting the
correlation among intra-cluster serving distances, i.e., the com-
mon part Xg in KXo + YK with the detailed proof omitted.

To validate the approximation in Lemma 2, in Fig. 1, we
plot the rate coverage probability Y, computed from (3), against
the displacement standard deviation . Fig. 1 verifies that the
adopted approximation is accurate. It is intuitive to see that the
T decreases as both and | increase. This is attributed to the
fact that the desired signal level increases as  decreases, mean-
while, the interference power increases with |, and . This is

where fry(h) = RayleBh(h; P
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Fig. 1. The rate coverage probability Y versus the displacement standard devi-
ation (M=5,#=0dB,p=0:3).

attributed to the higher density of clusters (larger ) and sta-
tistically shorter distance between interfering devices and the
typical device (larger ).

From (3), (8), and (9), we get

N
Po(q;b) = pibi +pi(1

=y

bi)(1 e ™M)

2

r r
5 se+ Zpl !p(s)L. L(s)dr:
= {z }

(10)

Having characterized the offloading gain, we next formulate
the joint channel access and caching optimization problem.

IV. MAXIMIZING OFFLOADING GAIN

The offloading gain maximization problem is formulated as

P1: max Po(q; b) an
q;
B
S.t. bi = M; (12)
i=1
b; 2 [0:1]; (13)
q2[0;1]; (14)

where (12) is the device cache size constraint. Since the of-
floading gain depends on the caching probability b and access
probability ¢, and since ( exists as a complicated exponential
term in T (see (7) and (9)), it is difficult to analytically char-
acterize the objective function, e.g., show concavity or find a
tractable expression for the optimal access probability. In order
to tackle this, we propose to find the optimal access probability
g that maximizes Y via the bisection search method in its fea-
sible range q 2 [0; 1]. Then, the obtained g is used to solve for
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Table 1. Simulation parameters.

Description Parameter ~ Value
Displacement standard deviation 10m
Popularity index 0.5

Path loss exponent 4

Library size and cache size per device N¢, M 100, 8 files
Average number of devices per cluster N 4

Density of clusters p 10 clusters/km?
SIR threshold # 0dB

the caching probability b in the optimization problem below.
P2: max Po(q ;b) (15)
s.t. (12);(13)

Lemma 3: For fixed q , Po(q ;b) is a concave function
w.r.t. b and the optimal caching probability b that maximizes
the offloading gain is given by

8 .
<1 vo<pi pi(l e™MT
b =_0 Vo> pi +npi T
(v ) ;otherwise;
where (Vv ) is the solution of v = pj +pi M(1  b;)e M
(1 e ™) T, that satisfies v b; = M.
Proof: Please see Appendix B. 2

Clearly, the optimal caching solution b depends on the
scheduling of devices through channel access probability (
from Y, while q is independent of b . [9] shows that a PPP
network exhibits the same property, i.e., the caching scheme
is scheduling-dependent. To gain some insights, it is useful to
consider a simple case when only one D2D link per cluster is
allowed. In this case, the rate coverage probability of the pro-
posed clustered model with one active D2D link within a cluster
will be [20, Lemma 2]:

1

T = : 16

42 #=T(1+2= )1 2= )+1 (16)
Substituting in (10) for T, we get the offloading gain as

Po(b) —y(pibw bl_b)(1_ e >T) :

- 42 #7T(1+2= )1 2= )+1

a7

Remark 1: From (17), it is clear that the offloading gain in-
creases as and  decrease. Particularly, the offloading gain is
inversely proportional to the density of clusters p and the vari-
ance of the displacement 2. This is because smaller results
in higher levels of the desired signal, while lower [ leads to
smaller encountered interference at the typical device.

V. NUMERICAL RESULTS

We first validate the developed mathematical model via
Monte Carlo simulations. Then we benchmark the proposed
caching scheme against conventional caching schemes. Unless
otherwise stated, the network parameters are selected as shown
in Table 1.

0.35 I
— 0 =0dB
0.3+ —_— =5 dB )
0=7 dB
— (=10 dB
0.25¢ O simulation
maximum D

Rate coverage probability T
o S o
- o

o
o
a

0.4 0.6 0.8 1
Access probability ¢

0 0.2

Fig. 2. The rate coverage probability Y versus the access probability .
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Fig. 3. The offloading gain versus the access probability .

In Fig. 2, we plot the rate coverage probability T against the
channel access probability . The theoretical and simulated re-
sults are plotted together, and they are consistent. Clearly, there
is an optimal q ; before it, T tends to increase as the probabil-
ity of accessing the channel increases, and beyond it, T tends
to decrease due to the effect of aggressive interference. It is in-
tuitive to observe that the optimal access probability q , which
maximizes Y, decreases as # increases. This reflects the fact
the system becomes more sensitive to the effect of interference
when a higher SIR threshold is required.

Fig. 3 manifests the effect of the access probability g on the
offloading gain. The offloading gain is plotted against q for
different caching schemes, namely, the proposed probabilistic
caching (PC), Zipf caching (Zipf), and uniform random caching
(RC). Fig. 3 is plotted for an SIR threshold # = 0 dB, hence, the
optimal access probability q is near one from Fig. 2. Clearly,
the offloading gain for the different caching schemes improves
as  approaches its optimal value, which reveals the crucial im-
pact of the device scheduling on the content placement and ac-
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cordingly, on the offloading gain. Moreover, the proposed PC
is shown to attain the best performance as compared to other
benchmark schemes.

To show the effect of q on the caching probability, in Fig. 4,
we plot the histogram of the optimal caching probability at dif-
ferent g values. Specifically, p = ¢ in Fig. 4(a) andq < ( in
Fig. 4(b). It is clear from the histograms that the optimal caching
probability b tends to be more skewed when q < ¢ , i.e., when
T decreases. This shows that file sharing is more difficult when
q is not optimized. Broadly speaking, for ¢ < q , the system
is too conservative, while for ¢ > ¢ , the outage probability is
high due to the aggressive interference. In such regimes, each
device tends to cache the most popular files leading to fewer
opportunities of content transfer.

Fig. 5 illustrates the prominent effect of the content popular-
ity on the offloading gain, and compares the achievable gain of
three different caching schemes. Clearly, the offloading gain of
the proposed PC attains the best performance as compared to
other schemes. Particularly, 10% improvement in the offload-
ing gain is observed compared to the Zipf caching when = 1.
Moreover, we note that all caching schemes encompass the same
offloading gain when = 0 owing to the uniformity of content
popularity.

To show the effect of network geometry, in Fig. 6, we plot
the closed-form offloading gain in (17) against at different .
Fig. 6 shows that the offloading gain monotonically decreases
with both  and . This is because content sharing between

JOURNAL OF COMMUNICATIONS AND NETWORKS

o
o}

-e-PC

o o ot
w EN o

Offloading gain

o
N

0.8 1

0.1 :

0 0.2 0.4 0.6
popularity index

Fig. 5. The offloading gain versus the popularity of files .
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Fig. 6. The offloading gain versus the displacement standard deviation  at
different density of clusters p (under the probabilistic caching scheme).

devices turns out to be less successful when the distance be-
tween devices is large, i.e., larger Analogously, file shar-
ing among the cluster devices is accompanied with higher inter-
ference when | and are higher. Accordingly, this expected
degradation prohibits successful content delivery via D2D com-
munication.

Last, in Fig. 7, we plot the offloading gain versus the popular-
ity index  at different densities of cluster devices n. Fig. 7 first
shows that the proposed optimized probabilistic caching scheme
achieves the best performance as compared to caching popular
files (CPF) and Zipf caching. In addition, Fig. 7 shows that the
attained offloading gain increases as the number of devices per
cluster increases. This is attributed to the fact that the proba-
bility of having requested contents cached at a neighbor device
within the same cluster increases when the number of cluster
members is higher.
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Fig. 7. The offloading gain versus the popularity index at different density of

cluster devices n.

VI. CONCLUSION

In this paper, we have proposed a joint communication and
caching optimization framework for clustered D2D networks.
In particular, we have conducted joint optimization of channel
access probability and content placement in order to maximize
the offloading gain. We have characterized the optimal content
caching scheme as a function of the system parameters, namely,
density of clusters, average number of devices per cluster, con-
tent caching, placement and access probabilities. A bisection
search method is also proposed to calculate the optimal channel
access probability. We have demonstrated that deviating from
the optimal access probability makes file sharing more difficult,
i.e., the system is too conservative for small access probabilities,
while the interference is too aggressive for larger access proba-
bilities. Results showed up to 10% enhancement in offloading
gain compared to the Zipf caching technique.

APPENDIX A
PROOF OF LEMMA 1

Laplace transform of the inter-cluster aggregate interference
| L can be evaluated as
- #
Li,(s)=E e 5% hvzea udork
)

Y 1
a 1+ skx + yk

P cq
! y2B

e qﬁfRz 1 W fY(Y)dy

(;)e plez 1 e Mz 1 m fY(Y)dydx;
where (a) follows from the Rayleigh fading assumption, (b)
follows from the probability generating functional (PGFL) of
Gaussian PPP ®¢, and (c) follows from the PGFL of the parent

PPP ®,. By using change of variables z = X + Y with dz = dy,
we proceed as

1
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where (d) follows from converting the cartesian coordinates to
the polar coordinates with u = kzk. To clarify how in (d) the
normal distribution fy (z  X) is converted to the Rice distribu-
tion fy (Ujv), consider a remote cluster centered at X 2 @:), with
a distance v = kxKk from the origin. Every interfering device be-
longing to the cluster centered at X has its coordinates in R? cho-
sen independently from a Gaussian distribution with standard
deviation . Then, by definition, the distance from such an inter-
fering device to the origin, denoted as U, has a Rice distribution,
denoted as fy (Ujv) = u= 2exp (W2 +v?)=2 2 Iy uv= 2,
where lg is the modified Bessel function of the first kind with
grgl_er zero and  is the scale parameter. Letting ”(S;v) =
u—o S=(s +u )Fy (ujv) du, the proof is completed.

APPENDIX B
PROOF OF LEMMA 3

First, to prove concavity, we proceed as follows.

0Po

ap, i T Nl bje ™ (1 e ™) T
1
@2Po Tib; 2 b b

2
It is clear that the second derivative @%i ng

g

the Hessian matrix Hi;j of Po(p ;bj) wrt. bj is negative
semidefinite, and the function P, (p ;bj) is concave with respect
to bj. Also, the constraints are linear, which implies that the ne-
cessity and sufficiency conditions for optimality exist. The dual
Lagrangian function and the KKT conditions are then employed
to solve P2 [23]. The KKT Lagrangian function of the energy
minimization problem is given by

is negative. Hence,

L(bi; wi; i;v) 21
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where V; W;j; and ; are the dual equality and two inequality con-
straints, respectively. Now, the optimality conditions are written
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The optimality conditions imply that:
l. w; >0: Wehaveb; =1, ; =0, and
g (1l e MY =v w;
v <g g(l eMmY (28)
2. ; <0:Wehaveb; =0,andw; =0, and
gi +NgiT =v + ;;
v =g +ng YT (29)
3. 0<b; <1: Wehavew; = ; =0, and
V =gi+g Nl be ™ (1 e ™) T (30
combining (28), (29), and (30), with the fact that

£

i=1 bi = M, Lemma 3 is proven.
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